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Towards Ocean Grazer's Modular Power
Take-Off System Modeling: a Port-Hamiltonian Approach
INTRODUCTION
Wave Energy Converters (WECs) are devices aimed at extracting the latent energy in ocean waves and transforming it into electrical energy. In recent years, a large number of near-and off-shore WECs have been proposed, whose main objective is to maximize the energy capture and minimize the loads exerted on the device. Among many proposed devices, we refer interested readers to the Pelamis WEC (Henderson, 2006) , the Wavestar WEC (Hansen and Kramer, 2011) , the Wave Dragon WEC (Tedd et al., 2007) , the OPT WEC (Taylor, 1999) and the Ocean Grazer WEC (Vakis and Anagnostopoulos, 2016) ; see (Ringwood et al., 2014) for a review on WECs from a control perspective.
In particular, the novel semi-submersible Ocean Grazer (OG) energy harvesting platform has been recently proposed, which is projected to obtain its bulk energy intake from ocean waves by means of a Power Take-Off (PTO) system consisting of a collection of adaptable pointabsorber type systems. This specific PTO, termed as the multi-piston power take-off (MP 2 PTO) system, consists of an array of piston pumps with engageable pistons of different size that through a suitable control algorithm allow to extract energy from irregular waves. The main two advantages -which are not features of all WECsof the OG-WEC are: (i) its adaptability to extract energy from ocean waves with varying heights and periods, and (ii) its loss-less storage capabilities; the former allowing for a better wave resource utilization, and the latter providing opportunities to compensate for fluctuations in power grids. The OG platform is depicted in Fig. 1a ), together with a schematic of the OG-WEC in Fig. 1b) . In the latter, the working principle of the OG-WEC is shown as an array of point-absorber type floater devices connected to hydraulic pumping systems, whose function is to pump working fluid from a lower to an upper reservoir.
Previous work on the OG-WEC includes (Vakis and Anagnostopoulos, 2016) , where a buoy-piston-pump model was developed taking into account the hydrodynamics of the buoy and the elastohydrodynamic lubrication at the piston-cylinder interface. A simplified version of this piston-pump model was validated through a scaled down experimental test in (van Rooij et al., 2015) . In (BarradasBerglind et al., 2016) , preliminary results on the energy capture of an array of point-absorbers were shown, together with a model predictive control strategy to maximize the energy extraction of the OG-WEC. In (Dijkstra et al., 2016) , a revenue maximization strategy was designed, leaning on a lumped net flow dynamical model.
In this paper, we lean on a passivity-based framework in order to model the point-absorber type system that is the main building block of the OG-WEC. One framework that guarantees passivity is the port-Hamiltonian (PH) framework (Maschke and van der Schaft, 1992; Ortega et al., 2001; Duindam et al., 2009) , which has been used in a wide variety of application domains, notably for its passivity preservation and non-linear controller synthesis properties; examples are electrical circuits (Jeltsema et al., 2003) , hydraulic actuators (Grabmair et al., 2003) , levitation systems (Fujimoto et al., 2003) , robotics (Secchi et al., 2007; Munoz-Arias et al., 2014) , systems with switching (Valentin et al., 2007) , and power grids with market integration (Stegink et al., 2015) . Consequently, in this paper, we lean on the PH framework to investigate the energy conservation of the OG point absorber-hydraulic system, which is also beneficial since the coupling and decoupling modes of the piston-pump can be included, providing the opportunity to synthesize controllers in a more straightforward fashion. Moreover, we show the passivity property of the point-absorber hydraulic element and the accumulation of potential energy stored in the upper reservoir of the WEC. Furthermore, the modularity that the PH framework offers can be useful to interconnect several point-absorber devices in order to model the complete MP 2 PTO system.
The remainder of the paper is organized as follows. In Section 2, we describe the wave-mechanical and hydraulic subsystems that comprise the point-absorber system. Subsequently, the port-Hamiltonian framework is described in Section 3, which is used to model the point-absorber under consideration. Accordingly, the interconnected pointabsorber system in the PH framework is presented in Section 4, and numerical simulations illustrating the energy properties of the system are provided in Section 5. Lastly, conclusions are presented in Section 6.
OCEAN GRAZER POINT-ABSORBER MODELING
As mentioned before, a sketch of the OG-WEC is portrayed in Fig. 1b) , depicting an array of point-absorbers composed of floaters B 1 , B 2 , B 3 , B 4 , a floater blanket, connected to pumping systems P 1 , P 2 , P 3 , P 4 . Note the check valves at the inlet of each pump, which allow flow from the lower to the upper reservoir, but prevent the reverse flow. Lastly, a turbine system T converts the stored potential energy into electrical energy. In the bottom of Fig.  1a ), the MP 2 PTO concept is illustrated together with its relation to the floater blanket, and the point-absorber (PA) element as the main building block of the OG-PTO. In this work, we focus on the modular modeling of the point-absorber element, which can be connected to other point-absorbers. Thus, in this section we describe the following subsystems: (i) a moving water body (wave) model; (ii) a mechanical subsystem consisting of a buoypiston ensemble; (iii) a hydraulic subsystem that pumps internal fluid from a lower to an upper reservoir; and (iv) a switching coupling stage that allows energy transfer from the mechanical to the hydraulic system and prevents backflow from the upper to the lower reservoir.
Moving water body model
In order to model the wave-structure interaction in our PA-type system, we consider a model of the wave by a simple moving water body model which is described by
where η is the displacement of the water body, m 1 describes the equivalent mass of the moving water body, F b corresponds to the combined buoyancy and drag/friction forces due to the interaction of the buoy-piston system with the moving water mass, and finally, F w represents the external forces. Note that in this model, the displacement in the water body is assumed to be caused by the wave propagation as well as the radiation and other hydrodynamic forces from other PAs. When we later consider the interconnected PAs, we can extend the above model by including another term that couples this moving water mass with the neighboring moving water mass through spring and damper elements.
Since the moving water body in (1) is described as a mechanical system, its energy function can be generally described by
where c 1 and c 2 are constants corresponding to the kinetic and potential energy. We will discuss in the following on how to relate c 1 and c 2 to the well-known wave energy characteristics from linear wave theory; see (Falnes, 2002 ). The energy content in a given water area A w as derived from linear wave theory is given by
where ρ sw is the sea water density, g is the gravitational acceleration constant, and H m0 corresponds to the estimated significant wave height.
We can relate (2) to (3) for sinusoidal waves with amplitude H/2 by replacing H m0 by √ 2H. Furthermore, letting η(0) = H/2 andη(0) = 0, we obtain the potential energy constant c 2 = k = A w ρ sw g that is equal to the buoyancy coefficient k, and the kinetic energy constant c 1 = m 1 equal to the mass of moving water.
Buoy-piston ensemble
The dynamics of the buoy-piston ensemble are given by
where q is the displacement of the buoy-piston mass relative to the equilibrium position, m 2 is the equivalent buoypiston mass, F b corresponds to the combined buoyancy and drag forces as given before in the moving water body model and F p is the pumping force coming from the pumping hydraulic subsystem. Next, we give a simple linear model for F b , while the description of pumping force F p will be given in the following subsection.
We assume a simple geometry of the buoy, such that its buoyancy and drag forces are simply proportional to the relative displacement and relative velocity between η and q, respectively. In other words, we assume that
where k gives the buoyancy constant and d is the drag constant.
Pumping hydraulic system
With a reference to Fig. 2 , the pumping subsystem is a hydraulic system that consists of a lower reservoir and an upper reservoir with cross-sectional areas A l and A u , respectively, connected through a pipe with length L 16 . This connection is represented by two inertors I 12 , I 56 > 0, two resistors R 23 , R 45 > 0, and a pressure source P 34 = P s . To satisfy the compatibility law, the pressures in the system are related by P s = P 65 + P 54 + P 32 + P 21 + P 16 , (6) where P s = P 34 is a pressure source coupled to the buoypiston ensemble, P 65 is the pressure between the lower reservoir and inertor I 56 , P 54 is the pressure between resistor R 45 and the piston, P 32 is the pressure between the piston and resistor R 23 , P 21 is the pressure between inertor I 12 and the upper reservoir, and lastly, P 16 represents the pressure between upper and lower reservoirs. Furthermore, the flow of working fluid with density ρ c from the lower to the upper reservoir is denoted by Q.
Describing the individual pressures at each component, the pressures in the inertors can be written as
and the pressures in the resistors are given by
with L 12 , L 56 , L 23 , and L 45 , being the water column heights of the system in Fig. 2 . Inserting (7) and (8) into (6), yields
with the equivalent inertance I = I 12 + I 56 , the equivalent resistance R = R 23 +R 45 , and the equivalent water column height
Furthermore, the dynamics of pressure P 16 can be written as the difference between the pressures at the upper and lower reservoirs aṡ with the upper reservoir capacitance 1/C 13 and lower reservoir capacitance 1/C 46 , which can be written more compactly as
with the equivalent capacitance C = C13C45 C13+C45 .
Switched buoy-piston-pump system
The use of check valves in the piston and in the lower inlet of the lower reservoir introduces a switching behaviour in the buoy-piston-pump system, which can ideally be described in the following way. Whenq > 0 (i.e., the buoy-piston is moving upward), the pump is activated such that both Q > 0 and P s > 0. Otherwise, we have that both Q = 0 and P s = 0 (i.e., the buoy-piston is moving downward). This switching mechanism in the pumping system enables us to: (i) transfer part of the kinetic energy from the water body (the upward kinetic energy) into potential energy of the working fluid, and (ii) prevent the reverse energy transfer from happening when the buoypiston moves downward.
Therefore, depending on the velocity of the buoy-piston mass, we have the following description of the buoy-pistonpump system. For simplicity, here we assume a rigid connection between the buoy and the piston. When the working fluid is allowed to flow, we have the coupling Q = A cq and F p = A c P s caused by the interaction of the buoy-piston and the pump through a given piston area. In this case, whenq > 0, substituting (9) into (4) together with (11) gives us the coupled buoy-piston-pump system
with F b from (5). On the other hand, whenq ≤ 0, we have
such that the buoy-piston decouples from the pump system. The above switched system equations in (12)- (13) along with the moving water body in (1) defines the basic operation of a single PA-type element in our OG-WEC. In the following section, we will discuss the port-Hamiltonian formulation of this switched system. Figure 3 shows the basic interconnection of our point-absorber system.
THE PORT-HAMILTONIAN FRAMEWORK
In this section, we describe the port-Hamiltonian (PH) framework introduced in (Maschke and van der Schaft, 1992) . The PH framework is based on the description of a system in terms of energy variables, the usage of the portbased modeling through flow and effort variables whose product defines power, and their interconnection structure. Therefore, the PH framework allows the integration of subsystems in different domains to be combined.
The PH framework is based on the description of systems in terms of energy variables, their interconnection structure, and power ports. PH systems include a large family of physical nonlinear systems. The transfer of energy between the physical system and the environment is given through energy elements, dissipation elements, and power preserving ports; see (Maschke and van der Schaft, 1992) , (van der Schaft, 2000) and (Duindam et al., 2009) for further details.
A class of PH system, introduced by (Maschke and van der Schaft, 1992) , is described by
with states x ∈ R N , skew-symmetric interconnection matrix J (x) ∈ R N ×N , positive semi-definite damping matrix R (x) ∈ R N ×N , and Hamiltonian H (x) ∈ R. The matrix g (x) ∈ R N ×M weights the action of the control inputs u ∈ R M on the system, and (u, y) ∈ R M with M ≤ N , form a power port-pair.
For example, a class of mechanical systems with n (N = 2n) degrees of freedom (dof) can be described as
with generalized configuration coordinates ϕ ∈ R n , generalized momenta p ϕ ∈ R n , damping matrix
m , and input matrix G (ϕ) ∈ R n×m . We assume that G (ϕ) is everywhere invertible. Accordingly, the Hamiltonian of (15) is given by
where M (ϕ) = M (ϕ) > 0 is the n × n inertia (generalized mass) matrix, and V (ϕ) is the potential energy. Fig. 3 . Interconnected PA system Σ pa schematic with its subsystems: the mechanical subsystem Σ m , the hydraulic subsystem Σ h , and the switching coupling stage. The potential connection to other PAs is shown through hydrodynamics and mechanical couplings.
PA SYSTEM IN THE PH FRAMEWORK
In this section, we describe the mechanical and hydraulic subsystems in the PH framework, i.e., Σ m and Σ h , respectively. Afterwards, we connect the subsystems through a transformer-type interconnection to obtain the complete description of the PA system. Two schematics of the PA system are shown in Figs. 2 and 3 , where the subsystems and their interconnections can be observed.
Mechanical Subsystem
Consider the moving water body displacement η in (1) and the buoy-piston ensemble displacement q in (4) as the generalized coordinates of the mechanical subsystem. The generalized momenta of the displaced water mass and the buoy-piston ensemble mass are represented by p η = m 1η , and p q = m 2q , respectively. Subsequently, we let the state vector of the mechanical subsystem be x m = [η q p η p q ] such that the mechanical subsystem Σ m can be written as
with an external port-pair (u m , y m ) ∈ R 4 being
which can be observed in Fig. 3 for v w =η and v p =q. Consequently, the Hamiltonian or energy function of the mechanical subsystem Σ m can be written as
with m 1 being the equivalent mass of the moving water body, m 2 being the mass of the buoy-piston ensemble, and k > 0 being the buoyancy constant. Note that H m (x m ) ≥ 0. Additionally, we define a dissipation term D m ≥ 0 as
with d > 0 being the drag coefficient between masses m 1 and m 2 . Clearly, it follows from (17) that the interconnection and damping matrices, similar to the system Σ in (14), are given by (17) is in the PH framework.
Hydraulic Subsystem
Based on the power-take off system of Fig. 2 , we define our generalized pressure between the upper reservoir and the lower reservoir P 16 as described in (11), and our generalized flow rate of internal fluid Q as in (9). Accordingly, we let the state of the hydraulic system be x h = [P 16 Q] and we realize the Hamiltonian or energy function of the hydraulic subsystem as
with equivalent fluid inertance I > 0 and equivalent fluid capacitance C > 0. Note that H h (x h ) ≥ 0 (similarly to H m (x m )). Given the Hamiltonian function (22), together with (9) and (11), we write the hydraulic subsystem Σ h as
with an external port-pair (u h , y h ) ∈ R 2 given by
(24b) as it can be seen in Fig. 2 . Clearly, it follows from (23) that the interconnection and damping matrices (similar to the system Σ in (14)) are given by
respectively. It follows that J h = J − h since 1 /CI ≥ 0, and R h ≥ 0 since R /I 2 ≥ 0. Thus, we conclude that the system Σ h in (23) is in the PH framework.
Interconnected System
As discussed in Section 2.4, there is a switching behavior in the piston and the lower inlet of the hydraulic subsystem, which allows the transfer of kinetic energy from the mechanical subsystem to the hydraulic subsystem and prevents the reverse energy transfer, effectively storing potential energy in the upper reservoir of the hydraulic subsystem. We formalize the previous through the function σ(q, F p ) = σ(y m,2 , u m,2 ) = 1, for y m,2 and u m,2 > 0 0, otherwise (26) such that the hydraulic system becomes
while the mechanical subsystem Σ m remains the same as given in (17). The interconnection between Σ m and Σ h is then defined by
(28b) Note that we do not consider the usual input-output interconnection where the output of one system is connected to the input of the other system. Instead, we interconnect the ports (y m,2 , u m,2 ) and (y h , u h ) as a transformer (van der Schaft and Jeltsema, 2014, p.19) . Hence, using (26), for σ = 1 the mechanical subsystem Σ m and the hydraulic subsystem Σ h are coupled, whereas for σ = 0 we have u m,2 = 0 (29a) 0 = A c y m,2 , (29b) effectively decoupling Σ h from Σ m (i.e., F p = 0 andq = 0).
For this interconnected switched system, the PA system Σ pa , the external port is (y m,1 , u m,1 ) = (η, F w ). One can check that, if we consider the Hamiltonian of the interconnected system as
then we have the passivity property of the interconnected system as shown in the following proposition. Proposition 1. The point-absorber system Σ pa resulting of the interconnection of the mechanical subsystem Σ m and the hydraulic subsystem Σ h through (28) is passive with respect to the external port (y m,1 , u m,1 ).
Proof. According to (Willems, 1972) , passivity is characterized by a dissipation inequality which guarantees that the product of the external ports is larger or equal to the derivative of a storage or energy function. In our case, we consider the external port (y m,1 , u m,1 ) = (η, F w ) and the storage as the Hamiltonian of the interconnected system H pa (x m , x h ) in (30) such thaṫ
(31) Following the interconnection in (30), the Hamiltonian rateḢ pa can be written aṡ
which, after substituting the interconnection in (28), becomeṡ
Since d, R > 0, we can conclude that the interconnected PA system Σ pa is indeed passive with respect to the external port (y m,1 , u m,1 ) = (η, F w ).
Note thatḢ pa has two dissipative terms, the first one due to the drag effects in the mechanical subsystem and the second one due to the resistive effects in the hydraulic subsystem. The latter is multiplied by σ, meaning that the resistive dissipation is decoupled whenever the buoypiston is disengaged during the downward movement.
Lastly, we illustrate the energy transfer from the mechanical to the hydraulic subsystem in the following proposition, by showing that its energy function is non-decreasing (disregarding resistive terms), which demonstrates the storage of kinetic energy from the mechanical subsystem as potential energy. Proposition 2. The Hamiltonian or energy function H h (x h ) of the loss-less (with R = 0) hydraulic subsystem Σ h is non-decreasing.
Proof. The derivative of the Hamiltonian H h (x h ) with the interconnection in (28) is given bẏ
which due to the switching coupling becomeṡ
Hence, without the disssipative resistive term RQ 2 , the only remaining term is P s Q = P s A cq > 0 using the switching σ in (26) and the interconnection from (29). Thus, we conclude that the Hamiltonian function of the loss-less hydraulic pumping system H h (x h ) is non-decreasing.
SINGLE POINT-ABSORBER SIMULATION
In this section, we illustrate the behavior and energetic properties of the interconnected PA system Σ pa obtained in Section 4.3, resulting from the interconnection of the mechanical subsystem Σ m described in Section 4.1 and the hydraulic subsystem Σ h introduced in Section 4.2.
The simulation was run for 100 s using Matlab/Simulink and the parameters used are summarized in Table 1 . Furthermore, the fluid inertances were calculated as I 12 = I 56 = ρcL16 /4Ac and the fluid resistances according to the Hagen-Poiseuille equation as R 23 = R 45 = 2µπL16 /A 2 c , where µ is the dynamic viscosity of the internal fluid. Lastly, the fluid capacitances were calculated as 1 /C13 = ρcg /Au and 1 /C46 = ρcg /A l . The buoyancy coefficient was calculated through the potential energy constant in (2); the drag coefficient and the moving water equivalent mass were calculated using the boundary element method NEMOH (Babarit and Delhommeau, 2015) for a buoy with rectangular cuboid geometry (7 m ×7 m ×2 m), and their resulting curves as functions of ω are depicted in Fig. 4 . The used values of d and m 1 are the ones corresponding to ω = 0.62 rad/s, i.e., for a wave period of 10.13 s.
We remark that in this work we consider a fixed value of the equivalent cylinder area A c , as shown in Table 1 . However, A c could be varied and effectively be used as a control input, as done in .
The harmonic input wave force F w used with frequency ω is shown at the top of Fig. 5 . Additionally, the resulting pumping force F p , volumetric flow Q and pressure difference P 16 are also depicted in Fig. 5 , where it can be observed that the pumping force F p is active during the upstroke and zero during the down-stroke of the piston-buoy ensemble. Moreover, Q is always positive, and the pressure difference P 16 is non-decreasing, due to the accumulation of conditioned fluid in the upper reservoir. Finally, energy transfer is illustrated in Fig 6, where the transmitted (kinetic) energy by the mechanical subsystem and the stored potential energy of the hydraulic subsystem are presented. In this figure, it can be seen that mechanical kinetic energy slowly diminishes, while being accumulated as potential energy in the upper reservoir of the hydraulic subsystem. The latter agrees with Proposition 2.
CONCLUSION
In this paper, we describe a buoy-piston-pump pointabsorber system in the port-Hamiltonian framework, which is the main element of the Ocean Grazer WEC. Accordingly, we model both the mechanical and hydraulic subsystems separately, and we interconnect them to obtain the resulting point-absorber model. This interconnected model allows flow from the lower to the upper reservoir, but, by means of check valves, prevents backflow from the upper to the lower reservoir. We showed the passivity of the interconnected system with respect to its external port, and its energy properties were illustrated and corroborated through simulation results, which show the potential energy obtained from the incoming wave force being stored. Lastly, due to the modularity offered by the PH framework, the point-absorber type model can be used to interconnect several point-absorbers to realize the MP 2 PTO concept of the OG-WEC. In addition, the previous may prove useful while synthesizing a control for several interconnected point-absorber devices. 
